Signal Processing Lec. 6

Frequency Response Of Linear
Time-Invariant Systems

In this section we develop the characterization of linear time-invariant systems in the frequency domain .
The basic excitation signals in this development are the complex exponentials and sinusoidal functions. The
characteristics of the system are described by a function of the frequency variable co called the frequency
response, which is the Fourier transform of the impulse response h(n) of the system . The frequency response
function completely characterizes a linear time invariant system in the frequency domain .

6.1 Response to Complex Exponential and Sinusoidal Signals: The Frequency Response Function
00

ym) =Y h(x(n—k)

=—00

In this input-output relationship, the system is characterized in the time domain by

its unit sample response {i(n), =00 < n < o9}. +
To develop a frequency-domain characterization of the system, let us excite the

system with the complex exponential
x(n) = Ae!™", —00 < N < 00

By substituting x(n) in to y(n) we obtain the response

yn) = D h()[Ae/" Y]

h=—0c
o - .
=Al > h{k)e—f“’k]e““”
=—o0

In fact, this term is the Fourier transform of the unit sample response h{k) of the system . Hence we denote
this function as

o
Hw) = »_ he

k=—00

With the definition in above equation, the response of the system to the complex exponential will be

y(n) = AH(w)e’"

Example 1:Determine the output sequence of the system with impulse response
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1
hin) = (ij”n(nJ
when the input is the complex exponential sequence

.x(n}:Ae*"”"ﬁ, —00 < 11 < 00

Solution:

= , 1
Hw)= Y hne " = v

T 1 2 e
i _ —j26 6
Ato=n/2  — H(Z) i+,1 5

and therefore the output is

2 e .
]}{n} — A (_e—jﬁﬁﬁ')e;n’n;‘l
NG

y(n) = — Ae /2266

NG :

—00 = 1 < 00

This example clearly illustrates that the only effect of the system on the input
signal is to scale the amplitude by 2/+/5 and shift the phase by —26 6°. Thus the

output is also a complex exponential of frequency 7/2, amplitude 2A /V/5, and phase
—26.6°.

In general, H(w) is a complex-valued function of the frequency variable .
Hence it can be expressed in polar form as

H(w) = |H(w)le/®@
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where |H (w)| is the magnitude of H{w) and

(ew) = X H(w)

which is the phase shift imparted on the input signal by the system at the frequency o

For a lincar time-invariant system with a real-valued impulse response, the mag-
nitude and phase functions possess symmetiry properties which are developed as
follows. From the definition of H{w), we have

o
H(w)= ) _ h(k)e ™*

O Le 8]
= > htkycoswk — j . h(k)sinwk

hk=—n0 =—nc

= Hglw) + jH(w)

f'JH“{mJ - HE{w]e’ tan™ [H,; (ed/ Hg e

?fhcr_f: Hy(w} and H;(w) denote the real and imaginary components of H (w)

Hence, the magnitude and phase of H(w) can be expressed in terms of Hr(w) and H(w) as:

Hplw) = Z hik) cos wk
A_ o0

o0
Hi(w) = — Z h(k) sin whk

k=—00
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The symmetry propetties satisfied by the magnitude and phase functions of
H(e), and the fact that a sinusoid can be expressed as a sum or difference of two
complex-conjugate exponential functions, imply that the response of a linear time-
invariant system to a sinusoid is similar in form to the response when theinp tisa

complex exponential. Indeed. if the input is
xi(n) = Ae’™

the output 1s | |
yp(n) = Al H(w)|e/®@elm

On the other hand, if the input is

win) = Ae” "

the response of the system is
y2(n) = ATH(=w)[e! & e

— AIH(fﬂ}lf ,FE'JI;@]E—}'@-I'I

where, in the last expression, we have made use of the symmetry properties |H (@)| =
and O(w) = —O(—w). Now, by applying the superposition property of the
linear time-invariant system, we find that the response of the system to the input

xA{r) = %[xl (r2)} + x2{n)] = A CcOs
15 1
vim) = E[_v_l () 4 yz(m)]
i) = Al (e | cos[asre 4+ )]

Similarly, if the input is
xi{Fr) = —i_‘*ﬁ (r2y — x20rn)] = A sin cwa

the response of the system is

1
yia) = 3—2[}11 (F1) — waind]

Y = A H (o) sinferr —+ e ]
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[t is apparent from this discussion that H (w), or equivalently, [H (w)| and ©(w),
completely characterize the effect of the system on a sinusoidal input signal of
any arbitrary frequency. Indeed, we note that |H ()| determines the amplification
(|H ()| = 1) or attenuation (|H(w)| < 1) imparted by the system on the input sinu-
soid. The phase ®(w) determines the amount of phase shift imparted by the system
on the input sinusoid. Consequently, by knowing H(w), we are able to determine
the response of the system to any sinusoidal input signal. Sinc  H{(w) specifies the
response of the system in the frequency domain, it is called the frequency response
of the system. Correspondingly, |H (w)| is called the magnitude response and ©{aw)
is called the phase response of the system.

If the input to the system consists of more than one sinusoid, the superposition
property of the linear system can be used to determine the response. The following
examples illustrate the use of the superposition property.

Example 2:Determine the response of the system in example 1 to input signal

v(n) =10 = 5sin %n-{—?ﬂcusxn. —00 = R < 00

Solution: the frequency response of the system is:

> . 1
Ho) = ), hoe™™ =1
A=—00 2

The first term in the input signal is a fixed signal component corresponding to a = 0. Tht

H{) = =2

-1

The second term in x (=) has a frequency 7/2. At this frequency the frequency response of
the system is
T 2 P
FiEY = —JE6 6
( 2 ) V5
Finally, the third term in x(n) has a frequency o = 7. At this frequency

) 2
Him) = 3

Hence the response of the system to x(n} is

10 40
yin) = 20 — —55111 (%R—Zn& 6”}—.‘—?::1‘35?1'11. —oC = R = 00

e
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